Abstract Let M be a covariant coefficient system for a finite group G.
Introduction
Given a finite group G, a covariant coefficient system M for G, and a pointed G-set S , we defined in [2] an abelian group F G (S, M ). Using this construction, we associate to a pointed G-space X a simplicial abelian group F G (S(X), M ). Its geometric realization, denoted by F G (X, M ), is a topological group whose homotopy groups are isomorphic to the reduced Bredon-Illman G-equivariant homology of X with coefficients in M . Given a G-equivariant ordinary covering map p : E −→ X , we also defined a continuous transfer t G p : F G (X + , M ) −→ F G (E + , M ), that induces a transfer in equivariant homology, when M is a Mackey functor.
In [3] we showed that when the G-space X is a strong ρ-space (e.g. a Gsimplicial complex or a finite dimensional countable locally finite G-CW-complex), there is a topology in the abelian groups F G (X δ , M ), where X δ stands for the underlying set of X . With this topology, F G (X, M ) is a topological group, which we denote by F G (X, M ). This is a smaller group than the group F G (X, M ) mentioned above. It has the property that its homotopy groups are isomorphic to the reduced Bredon-Illman G-equivariant homology of X with coefficients in M , provided that M is a homological Mackey functor. Furthermore, we proved in [4] that these topological groups admit a continuous transfer for G-equivariant ramified covering maps, whose total space and base space are strong ρ-spaces.
In this paper we present a different topology for the abelian group F G (X δ , M ) and we denote the resulting topological group by F G (X, M ). We prove that for any pointed G-space X of the homotopy type of a G-CW-complex, and for any coefficient system, the homotopy groups of F G (X, M ) are isomorphic to the reduced Bredon-Illman G-equivariant homology of X with coefficients in M . The assumptions on X and M are much weaker than those needed to define F G (X, M ). However, in such a generality, it does not seem possible to construct a continuous transfer even for ordinary covering G-maps.
These new topological groups F G (X, M ) can be used to prove the infinite wedge axiom for the Bredon-Illman homology. They also allow us to make some calculations of the 0th homology groups of a G-space X .
Those topological groups whose homotopy groups are isomorphic to the reduced Bredon-Illman G-equivariant homology of X with coefficients in M will be called Dold-Thom topological groups. Hence F G (X, M ), F G (X, M ), and F G (X, M ) are Dold-Thom topological groups. Furthermore, all these groups are algebraically subgroups of other topological groups, so they also have another natural topology, namely the subspace topology. These topological groups will be denoted by F G (X, M ), F G (X, M ), and F G (X, M ). The first two were studied in [3] . In this paper we prove that these groups are isomorphic to the former, if the coefficient system M takes values on k -modules, where k is a field of characteristic 0 or a prime p that does not divide the order of G. We also show that the Dold-Thom topological groups are unique up to homotopy.
Other examples of Dold-Thom topological groups were constructed by Dold and Thom [7] , McCord [15] , Lima-Filho [12] , dos Santos [10] , and Nie [17] .
The paper is organized as follows. In Section 1 we give the basic definitions that are needed. Then in Section 2 we define the new topological groups F G (X, M ) and F G (X, M ), and we prove that the former is a Dold-Thom topological group.
Then in Section 3 we compare the new topological groups with the previously defined ones. In Section 4 we analyze the case of coefficients in k -Mod, with the field k as explained above. In Section 5 we prove the wedge axiom and we compute the 0th equivariant homology in some cases. Finally in Section 6, we study the Dold-Thom topological groups and we show that two Dold-Thom topological groups, which are locally connected and have the homotopy type of a CW-complex, are homotopy equivalent.
Preliminaries
We shall work in the category of k-spaces, which will be denoted by k-Top. We understand by a k-space a topological space X with the property that a set W ⊂ X is closed if and only if f −1 W ⊂ Z is closed for any continuous map f : Z −→ X , where Z is any compact Hausdorff space (see [14, 18] ). Given any space X , one can clearly associate to it a k-space k(X) using the condition above, which is weakly homotopy equivalent to X . The product of two spaces X and Y in this category is X × Y = k(X × top Y ), where X × top Y is the usual topological product. Two important properties of this category are that if p : X ։ X ′ is an identification and X is a k-space, then X ′ is a k-space, and
, where A rel denotes A with the (usual) relative topology in Top. This topology is characterized by the following property: Let Y be a k-space. Then a map f : Y −→ A is continuous if and only if the composite i • f : Y −→ X is continuous, where i : A ֒→ X is the inclusion (see [18] ).
In what follows, we shall denote by G-Top * the category of topological pointed G-spaces such that G acts trivially on the base point, or correspondingly G-k-Top * . Topab will denote the category of topological abelian groups in the category of k-spaces. Recall that a covariant coefficient system is a covariant functor M : O(G) −→ R-Mod, where O(G) is the category of G-orbits G/H , H ⊂ G, and G-functions α : G/H −→ G/K , and R is a commutative ring.
A particular role will be played by the G-function R g −1 : G/H −→ G/gHg −1 , given by right translation by g −1 ∈ G, namely
We shall often denote aH by [a] H . Observe that if X is a G-set and x ∈ X , then the canonical bijection G/G x −→ G/G gx is precisely R g −1 .
Here G x denotes the isotropy subgroup of x, namely, the maximal subgroup of G that leaves x fixed.
Let S be a pointed G-set (where the base point x 0 remains fixed under the action of G) and M a covariant coefficient system. In [2] we defined an abelian group F (S, M ) as follows. Consider the following union
and u(x) = 0 for almost every x ∈ X} .
Indeed, this group F (S, M ) is an R-module, whose structure is given by
It has as canonical generators the functions
where x ∈ S , x = x 0 , and l ∈ M (G/G x ). The group F (S, M ) is a functor of S as follows. Let f : S −→ T be a pointed G-function. Then we define
that is, the homomorphism whose value on y is M * ( f x )(l) if y = f (x) and 0 otherwise, where
There is an action of G on F (S, M ) given on generators by
Then one can consider the submodule F (S, M ) G of fixed points under the Gaction. Let f : S −→ T be as above. Since f * is clearly a G-homomorphism, it restricts to a homomorphism between the submodules of fixed points, which we denote by
This makes
On the other hand, there is a surjective homomorphism β S :
that is, essentially taking the sum over the orbit of x. One can now use this to give a different functorial structure on
These three functors are related by the commutativity of the following diagram:
We shall use these groups to define different topological groups in the next section.
Topological groups and coefficient systems
First recall the following construction. Let X be a topological space and L an R-module. Then we have the R-module F (X, L) = {u : X −→ L | u(x 0 ) = 0, and u(x) = 0 for almost every x ∈ X}. Following [1] we have that this Rmodule can be topologized as follows (see also [15] ). There is a surjective function µ :
Given a pointed G-space X , we denote by X H the pointed subspace of elements of X that remain fixed under the group elements of H .
Definition 2.1 Let M be a covariant coefficient system and let X be any pointed G-space. For each subgroup H ⊂ G consider the topological group
, where x ∈ X H , l ∈ M (G/H), and q H,x : G/H ։ G/G x , is the canonical projection. Now take the homomorphism
, where the product has the product topology of k-spaces. Given any generator lx ∈ F (X, M ), lx can be seen also as an element in F (X Gx , M (G/G x )). Therefore p X is surjective. Give the R-module F (X, M ) the identification topology induced by p X . We obtain a k-space, which we denote by F(X, M ). By giving F G (X, M ) the relative ktopology we obtain another k-space, which we denote by F G (X, M ). Moreover, by taking on F G (X, M ) the identification topology given by the epimorphism β X , we obtain another k-space, which we denote by F G (X, M ).
, and F G (X, M ) are topological groups in the category of k-spaces.
Proof: Consider the following diagram
The function on the top is given by the product of the sum on each topological group F (X H , M (G/H)) and therefore it is continuous. Since p X and β X are homomorphisms, both squares commute. Furthermore, since p X and β X are identifications, so are p X ×p X and β X ×β X . Therefore F(X, M ) and F G (X, M ) are topological groups. Finally, since F G (X, M ) has the relative k-topology, it is also a topological group.
Proof: The following diagram commutes:
Here we denote q H,x H simply by q x H . Both composites are equal, since
Since p X is an identification and f H * is continuous, f * is also continuous.
The next result shows the homotopy invariance of the functors F.
Proof: For each H ⊂ G, take the restriction f H ν : X H −→ Y H , and let H :
, ν = 0, 1, and denote by H H : X H × I −→ Y H the restriction of H, which is a homotopy between f H 0 and f H 1 . By [15] , there is a homotopy H H :
Define a homotopy R :
Since both R and K are homomorphisms for each fixed t, we may check the commutativity on a generator (
Both expressions are equal, since H H is the restriction of H, and one clearly
. Since p X × id is an identification, K is continuous an so it is a homotopy as desired.
, which is a homotopy between f G 0 * and f G 1 * , and by the naturality of β , we also have a commutative diagram
where
We shall need the following G-equivariant version of the Whitehead Theorem.
Proposition 2.5 Let Y and Z be G-spaces and ϕ : Y −→ Z be a Gequivariant weak homotopy equivalence. Let y 0 ∈ Y and ϕ(y 0 ) ∈ Z be base points. Assume that (Y, y 0 ) and (Z, ϕ(y 0 )) have the G-homotopy type of pointed G-CW-complexes. Then ϕ : (Y, y 0 ) −→ (Z, ϕ(y 0 )) is a pointed G-homotopy equivalence.
Proof: Consider the square
where (C, c 0 ) and (D, d 0 ) are pointed G-CW-complexes and ψ is defined so that the square commutes. Since the vertical arrows are G-homotopy equivalences, ψ is a G-equivariant weak homotopy equivalence.
Using [6, II(2.5)], one can show that ψ is a pointed G-homotopy equivalence. Therefore ϕ is also a pointed G-homotopy equivalence.
As a consequence of the previous two results we have the following. Corollary 2.6 Let Y and Z be G-spaces and ϕ : Y −→ Z be a G-equivariant weak homotopy equivalence. Let y 0 ∈ Y and ϕ(y 0 ) ∈ Z be base points. Assume that (Y, y 0 ) and (Z, ϕ(y 0 )) have the G-homotopy type of pointed G-CW-complexes. Then ϕ induces a homotopy equivalence of topological groups
Lemma 2.7 Let (X, x 0 ) be a pointed G-space of the G-homotopy type of a pointed G-CW-complex, and let S(X) be the singular simplicial G-set of X . Let ρ X : |S(X)| −→ X be given by ρ([σ, s]) = σ(s), where σ : ∆ q −→ X and
is a homotopy equivalence of topological groups.
Proof: By [5, 1.9(e)], we have |S(X)| H = |S(X) H |, and clearly |S(X) H | = |S(X H )|. Hence ρ H X : |S(X)| H −→ X H coincides with ρ X H : |S(X H )| −→ X H , which by Milnor's theorem (see [13] ) is a weak homotopy equivalence. Therefore, ρ X is a G-equivariant weak homotopy equivalence. Hence, by the previous corollary, the result follows. Definition 2.8 Assume now that Q is a simplicial pointed G-set and consider the simplicial group F (Q, M ) such that for any n,
Theorem 2.9 There is a natural isomorphism of topological groups
is the canonical projection.
Proof: In [2, 2.6] we showed that Ψ Q is a natural isomorphism of abelian groups. Thus we only need to prove that it is a homeomorphism. First recall [5, 1.9(e)] that |Q H | = |Q| H . Now we are going to see that the following diagram commutes.
Then we can chase it down and we get H⊂G M * (q x H )(l H )x H , τ , and then to the right to obtain 
are the canonical projections. By [13] , the isomorphism on the top is a homeomorphism, and by [1] , each ψ Q H is also a homeomorphism. Since p Q is a surjective simplicial map, its realization |p Q | is an identification. And since p |Q| is also an identification, then Ψ Q is a homeomorphism.
Corollary 2.10
There are natural isomorphisms of topological groups
The following is clearly a commutative diagram:
and the vertical arrows on the sides are isomorphisms of abelian groups (see [2, 2.6] ). Since the one in the middle, by the previous theorem, is a homeomorphism, and the first horizontal arrows are embeddings, while the second ones are identifications, Ψ G Q and Ψ G Q are homeomorphisms too.
The following is the main result of this section.
Theorem 2.11 Let M be a covariant coefficient system for G and X a pointed G-space of the homotopy type of a G-CW-complex. Then the homotopy groups
are naturally isomorphic to the (reduced) Bredon-Illman G-equivariant homology groups H G q (X; M * ) with coefficients in M .
Proof: F G (S(X), M ) is a simplicial abelian group and hence, by [13] , it is a chain complex with differential ∂ G q :
.5] this chain complex is isomorphic to Illman's chain complex S G (X, * ; M ) given in [11, p. 15] , whose homology is by definition the Bredon-Illman G-equivariant reduced homology of X with coefficients in M , denoted by H G q (X; M ). We shall give an isomorphism
To construct the isomorphism, we shall give several isomorphisms as depicted in the following diagram.
By [13, 22.1] , i * is an isomorphism. In particular, this shows that every cycle in H G (X; M ) is represented by a chain u, all of whose faces are zero. We call this a special chain.
The homomorphism Ψ, which is given by Ψ(u)[τ ] = [u, τ ], where u is a special q -chain and τ ∈ ∆ q , is an isomorphism, as follows from [13, 16.6] .
In order to define Φ, we must express Ψ(u) as a map γ :
. By the Yoneda lemma, γ is the unique map such that γ(δ q ) = Ψ(u), where δ q = id : q −→ q . The homomorphism Φ, defined by
n and τ ′ ∈ ∆ n , is given by the adjunction between the realization functor and the singular complex functor (see [13, 16.1] ).
By Theorem 2.9, Ψ S(X) is an isomorphism of topological groups.
Finally, by Lemma 2.7, the homomorphism ρ G * is a homotopy equivalence.
Remark 2.12 Chasing along the diagram and using the canonical homeo-
Other topological abelian groups
A different way of topologizing the abelian groups F (X δ , M ) and
, where X δ denotes the underlying set of X , is as follows.
Definition 3.1 Let X be a pointed G-space (not necessarily a k-space) and M be a covariant coefficient system. Denote by S(X) the singular simplicial pointed G-set associated to X and consider the surjective map
where p σ,t : G/G σ ։ G/G σ(t) is the canonical projection.
Give F (X δ , M ) the identification topology defined by π X and denote the resulting space by F(X, M ). Moreover, denote by
with the relative k-topology induced by ι X and denote by F G (X, M ) the group F G (X δ , M ) with the quotient topology induced by β X .
Consider the restriction of π
and denote by F G (X, M ) the resulting identification space.
We thus have a commutative diagram
where the vertical maps are identifications. Thus id :
is continuous.
Remark 3.2
The topological groups F G (X, M ) were defined in [3] .
Recall [4] that a (pointed) G-space X is called a strong ρ-space if the map
is a homeomorphism, and hence the maps id :
Proof: Consider the diagram
One easily verifies that the diagram commutes. The map on the top is a homeomorphism by 2.9, the vertical map on the left is an identification by definition, and the vertical map on the right is an identification, since it is a retraction. Thus the identity on the bottom is a homeomorphism.
Corollary 3.4
If X is a strong ρ-space, then the topological groups F G (X, M ) and F G (X, M ) are equal, as well as the topological groups F G (X, M ) and
Example 3.5 If K is a simplicial G-set, then by [4] , |K| is a strong ρ-space. Hence the topological groups F(|K|, M ) and F(|K|, M ) are equal, and thus also the topological groups F G (|K|, M ) and F G (|K|, M ) are equal, as well as the topological groups F G (|K|, M ) and F G (|K|, M ).
Proof: Since X is a strong ρ-space, the map ρ X : |S(X)| −→ X is a Gretraction. Thus the epimorphism ρ G X :
By definition of π G X it commutes and by 2.9, the arrow on the top is an isomorphism of topological groups. Since both vertical arrows are identifications, the result follows.
There are other topological groups related to the ones previously defined, that were studied in [3] . Definition 3.7 Let X be a pointed G-space (not necessarily a k-space) and M be a covariant coefficient system for G. Define the topological group (in the category of k-spaces)
as well as the subgroup F G (X, M ) = |F G (S(X), M )| and the quotient group
One clearly has continuous homomorphisms
given by ι X = |ι S(X) | and β X = |β S(X) |. The first is an embedding and the second a quotient map of topological groups.
Remark 3.8 One has identifications of topological groups
We shall see below under which conditions the topological groups F G (X, M ) and F G (X, M ) are equal.
Coefficients in k-Mod
In this section we shall assume that M : O(G) −→ k-Mod, where k is a field of characteristic 0 or a prime p that does not divide the order of G,
Recall that if S is a pointed G-set, then we have homomorphisms
We shall study the composite
Proposition 4.1 Let S be a pointed G-set. Then α S is a natural isomorphism.
Proof: Take a generator
Since p | |G|, the indexes [G : G x ], seen as elements in k , are invertible elements, i.e., there exist the elements [G :
α S is surjective. To see that it is injective, assume that u ∈ F G (S, M ) is such that α S (u) = 0. Hence
Thus [G :
for all x and so u = 0.
The naturality of α S follows from (1.1).
are isomorphisms of topological groups.
Proof: (a) follows immediately from Proposition 4.1. To see (b), consider the diagram
To see that it is commutative, take a generator
Thus we have the assertion.
Since both vertical arrows are identifications, |α S(X) | on the top is a homeomorphism and α X on the bottom is bijective, then α X is a homeomorphism too. Proof: The isomorphism of topological groups α X factors as the composite
Some applications of the homotopical Bredon-Illman homology
In this section we shall use the topological groups F G (X, M ) defined in Section 2, together with the G-equivariant weak homotopy equivalence axiom, that we proved in [5] using the groups F G (X, M ), to show that the Bredon-Illman equivariant homology satisfies the (infinite) wedge axiom and to make some calculations. We start with a general result.
Lemma 5.1 Let X have the homotopy type of a CW-complex. Then the connected components and the path-components of X coincide.
Proof: Let C : Top −→ Set be the functor which associates to a space X the set C(X) of its connected components. This is clearly a homotopy functor. Now let ϕ : X −→ Y be a homotopy equivalence, where Y is a CW-complex. Consider the commutative diagram
Since Y is locally path-connected, the arrow on the right is a bijection. Hence the arrow on the left is also a bijection.
Definition 5.2 Let Λ be a set of indexes, and let p(Λ) be the set of finite subsets of Λ. p(Λ) is a directed set by inclusion. Let {F α | α ∈ Λ} be a family of pointed k-spaces. If A ⊂ B are finite sets of indexes, then we have an inclusion α∈A F α ⊂ β∈B F β , defined by putting the base point * β in each factor F β , whenever β / ∈ A. Define
Since the category k-Top is closed under colimits, this new space lies in k-Top. Notice that when Λ = N is the set of natural numbers, then the space defined above coincides with the weak product defined in [19] .
Remark 5.3
If the spaces F α in the previous definition are topological abelian groups, then algebraically α∈Λ F α is the direct sum of them, and the topology defined therein will give this sum a structure of a topological group (see next proposition). Thus, as topological groups,
Proposition 5.4 If for each α ∈ Λ, F α is a T 1 topological group, then α∈Λ F α is a topological group.
Proof: Since we are taking products in k-Top, we consider a compact Hausdorff space K and any continuous map f : K −→ α∈Λ F α × α∈Λ F α . We thus have to prove that the composite
To see this, notice that the family { α∈A F α | A ∈ p(Λ)} has the following two properties:
Therefore, by [9, 15.10] , there are indexes A 1 , . . . , A m and B 1 , . . . , B n , such
Hence we have the following commutative diagram:
where the sum on the top is continuous because a finite product of topological groups is a topological group, and the vertical inclusion on the right is continuous. Hence the composite on the bottom is continuous.
Proposition 5.5 Let X and Y be pointed spaces and L be an abelian group. Then there is an isomorphism of topological groups
Proof: Consider the sequences of spaces
is a short exact sequence that splits. Namely, by functoriality one has that i * is a split monomorphism, q * is a split epimorphism and q
Coming back to Definition 5.2, we have the following generalization to the infinite case of the previous proposition.
Proposition 5.6 Let X α , α ∈ Λ, be a family of pointed spaces. Then there is an isomorphism of topological groups
is induced by the inclusion α∈A X α ⊂ α∈B X α modulo the isomorphism of 5.5.
By the universal property of the colimit, the maps (continuous homomorphisms) ψ A induce a continuous homomorphism
In order to see that ψ is an isomorphism of topological groups, we now construct an inverse ξ :
as follows. Let u : α∈Λ X α −→ L be an element in F ( α∈Λ X α , L) and let u α : X α −→ L be the restriction of u; that is, u α = p α * (u), where p α :
α∈Λ X α −→ X α is the canonical projection. Then u α = 0 only for finitely many values of α, i.e., only for α ∈ A, and some A ∈ p(Λ). Thus (u α ) ∈ α∈Λ F (X α , L) and one can define ξ(u) = (u α ). The homomorphism ξ is clearly an (algebraic) inverse of ψ . To see that ξ is continuous, define the function χ :
which is continuous. Therefore χ is continuous. Now consider the commutative diagram
Since the vertical map on the left is an identification and the maps on the top and on the right are continuous (+ by 5.4), ξ is continuous. Now we can use the groups F G (X, M ) to prove that the Bredon-Illman Gequivariant homology theory H G * (−; M ) satisfies the wedge axiom. We need a lemma whose proof is not difficult. The next lemma is a consequence of the previous one.
Lemma 5.8 Let X α be a pointed G-space for each α ∈ Λ. Then the map
Now, as an application of our groups F G (X, M ), we have the next results. First we have that the Bredon-Illman homology satisfies the wedge-axiom.
Proposition 5.9 Let X α , α ∈ Λ, be an arbitrary family of pointed G-spaces. Then there is an isomorphism
Proof: By Proposition 5.6, the inclusions i α : X α ֒→ α X α induce an isomorphism ϕ of topological groups by
Similarly, we can define an isomorphism of abelian groups
They fit into a commutative diagram
where the vertical arrows are identifications (the left one by the previous lemma).
Since the top arrow is a homeomorphism, then the bottom arrow is a homeomorphism too.
Proposition 5.10 Let X α , α ∈ Λ, be an arbitrary family of pointed G-spaces having the homotopy type of G-CW-complexes. Then there is an isomorphism
Proof: Under conditions (i) and (ii) given in the proof of 5.4, that are satisfied by the family
it is proved in [9] that the homotopy groups commute with the colimit. Hence
In order to prove the wedge axiom in full generality, we need the following lemmas.
Lemma 5.11 Let X and Y , and X ′ and Y ′ be well-pointed spaces and let ϕ : X ′ −→ X and ψ : Y ′ −→ Y be weak homotopy equivalences (mapping base points to base points). Then ϕ ∨ ψ : X ′ ∨ Y ′ −→ X ∨ Y is a weak homotopy equivalence.
Proof: Consider the double attaching spaces X ∪ I ∪ Y and X ′ ∪ I ∪ Y ′ , where the base point x 0 ∈ X is identified with 0 ∈ I , the base point y 0 ∈ Y is identified with 1 ∈ I , and similarly with the other union. Since the spaces are well pointed, the quotient maps q : The following is clearly a commutative diagram
Therefore, ϕ ∨ ψ is a weak homotopy equivalence.
As a consequence, we obtain the following result.
Lemma 5.12 Let X α and X ′ α , α ∈ Λ be an arbitrary family of well-pointed G-spaces, and let ϕ α : X ′ α −→ X α be an equivariant weak homotopy equivalences (mapping base points to base points). Then ∨ α∈Λ ϕ α : α∈Λ X ′ α −→ α∈Λ X α is an equivariant weak homotopy equivalence.
Proof: First notice that since the base points are fixed under the G-action, ( α∈Λ X α ) H = α∈Λ X H α , and similarly ( α∈Λ X ′ α ) H = α∈Λ X ′H α . Let p(Λ) be the set of finite subsets of Λ. Then, by 5.11, for every A ∈ p(Λ), ∨ α∈A ϕ H α : α∈A X ′H α −→ α∈A X H α is a weak homotopy equivalence and induces isomorphisms between all the homotopy groups. Thus again, as in the proof of 5.10 and using [9, 15.9] , ∨ α∈Λ ϕ H α : α∈Λ X ′H α −→ α∈Λ X H α induces isomorphisms in all homotopy groups and hence it is a weak homotopy equivalence, thus ∨ α∈Λ ϕ α : α∈Λ X ′ α −→ α∈Λ X α is an equivariant weak homotopy equivalence. Now we can prove the general wedge axiom for the Bredon-Illman G-equivariant homology.
Theorem 5.13 Let X α , α ∈ Λ, be an arbitrary family of well-pointed Gspaces. Then there is an isomorphism
Proof: For each α ∈ Λ there is an equivariant weak homotopy equivalence ϕ α : X α −→ X α , where X α is a (pointed) G-CW-complex (for instance X α = |S(X α )|).
By 5.12, ϕ = ∨ α ϕ α : α X α −→ α X α is an equivariant weak homotopy equivalence. Hence, by [5, 1.19] , ϕ induces an isomorphism ϕ * :
On the other hand, the cofiber sequences
induce short exact sequences that fit into the diagram
Thus, by the five-lemma, we have an isomorphism
On the other hand, since H G q (S 0 ; M ) = 0 if q > 0, there are isomorphisms H G q ((
and thus also an isomorphism
Similarly, for every α ∈ Λ, there are isomorphisms
Since the G-spaces X α are G-CW-complexes, by 5.10 there is an isomorphism
for all q ≥ 0, and by the isomorphisms above it follows that there is an isomorphism
as desired.
Next we make some calculations using the homotopical approach to BredonIllman homology. 4. If p : E −→ X is an n-fold G-equivariant ramified covering map between strong ρ-spaces of the homotopy type of G-CW-complexes, and M is homological, then there is a transfer t G p : F G (X + , M ) −→ F G (E + , M ), by 3.3 and Example 2.
Remark 6.5 Let p : E −→ X be an n-fold G-equivariant covering map. The restrictions p H : E H −→ X H are not, in general, covering maps. Thus there are no transfers F (X H+ , M (G/H)) −→ F (E H+ , M (G/H)). Since the topology of the groups F G (X + , M ) and F G (E + , M ) is given in terms of that of the groups F (X H+ , M (G/H)) and F (E H+ , M (G/H)), it does not seem possible to prove the continuity of t G p . And even if the transfers t p H exist, they do not commute with the identifications. However, if as stated in Example 4 above, the spaces are ρ-spaces, then the groups F G (X + , M ) and F G (E + , M ) coincide with the groups F G (X + , M ) and F G (E + , M ), as shown in 3.4, and one can show that the transfer is continuous. Now we study the homotopy type of the Dold-Thom topological groups. First we have the following general result. Since A has the homotopy type of a CW-complex, so does A 0 . Consider
given by i(a) = 1a and ν(u) = a∈A 0 u(a)a. Then i and ν are clearly continuous, and the composite ν • i is equal to the identity id A 0 . Applying the functor π q we have the following
